Abstract. The discretization of the right-hand side of the Boltzmann equation (aka the collision operator) on uniform grids generally suffers from some well known problems prohibiting the construction of deterministic high order discretizations which exactly sustain the basic properties of the collision operator. These problems mainly relate to problems arising from the discretization of spheres on uniform grids and the necessity that the discretization must possess some symmetry properties in order to provide the discrete versions of properties stemming from the continuous collision operator (number of collision invariants, avoidance of artificial collision invariants, type of equilibrium solutions, H-Theorem). We present a scheme to construct discretizations in 2 dimensions with arbitrarily high convergence orders on uniform grids, which are comparable to the approach by Rogier and Schneider [1] and the subsequent works by Michel and Schneider as well as Panferov and Heintz [2, 3] who used Farey sequences for the discretization. Moreover we take a closer look at this discretization in the framework of discrete velocity models to present results governing the correct collision invariants, lack of artificial collision invariants, the H-Theorem and the correct equilibrium solutions. Furthermore we classify lattice group models (LGpM) in the context of DVMs to transfer the high convergence order of these discretizations into the context of LGpMs and finally we take a short look at the numerical complexity.
INTRODUCTION
Most numerical computations of the Boltzmann equation are based on probabilistic Monte Carlo techniques, which lead to direct simulation Monte Carlo methods (DSMC), or special collision models such as Bhatnagar-Gross-Krook (BGK) together with the discretization of the velocity space, which lead to lattice Boltzmann methods (LBM). Due to the low computational costs and the wide field of applications these approaches have proven their potential in computational physics. However, they can have problems in situations where high Mach numbers or compressible fluids occur and one needs to avoid numerical fluctuations which originate in the use of random sequences.
We use an alternative approach based on the so called lattice group model (LGpM) that was introduced by Babovsky in [4, 5] . Further development of these LGpMs was done by Babovsky in [6, 7, 8, 9] and a parallelized high performance implementation which resulted into promising simulation results was done by the author of this paper in [10, 11] . Unfortunately there exists no convergence proof for the discretization of the collision operator through the LGpM (via kinetic models on integer lattices derived from the automorphism group of the lattice). Additionally it is not clear if the convergence proofs for discrete velocity models (DVMs) apply to LGpMs, because there exists no exact classification of the LGpMs within the DVM framework. Moreover often there exist only consistency results for the approximation of the collision operator within DVMs (for example [1, 12] ) yielding the correct (exact) collisional invariants, equilibrium solutions and H -Theorem. The rare convergence proofs yielding a convergence order are somehow unsatisfying due to their weak orders (for example
LGPMS WITHIN THE DVM FRAMEWORK
In this section we begin with a recapitulation of the common knowledge about DVMs and LGpMs. We then state theorems about the transformation between DVMs and LGpMs thus obtaining a classification of the LGpMs within the DVM framework.
DVMs
Discrete velocity models typically aim at a classical deterministic discretization of the collision operator through the discretization of the velocity space by using transformations and Newton Cotes formulas or similar integral approximations. So in any case a discretization of the velocity space is needed, in the following we will only look at a uniform discretization of the form
To avoid the problems that are associated with an infinite velocity space (and not topic of this work), we will restrict ourselves to the finite subset
We also need the corresponding index set M V to address single velocities. Using these definitions one can rewrite discrete velocity discretizations of the Boltzmann equation in the form of general DVMs (cp. [14] )
=:
To name the minimal requirements a DVM should fulfill, we need some more definitions:
We denote the space of collision invariants with I. (ii) An equilibrium solution can be characterized through
The discrete H -functional is defined as
, the discrete H -theorem is given by
Using these definitions it is well known that DVMs should obey some minimal requirements (we refer to them as "minimal requirements") before they can be considered for serious applications. The most common requirements are :
1. Properties of the Operator A : (a) All allowed particle interactions obey the momentum and energy conservation:
k,l , these symmetries imply the alternative characterization of collisional invariants:
This implies that the space of collisional invariants I contains at least 
, as well as the discrete H -theorem.
2. Φ 0 , . . . , Φ n+1 should be a basis of the space of collisional invariants, leading to equilibrium solutions of Maxwell type. This depends on the shape of the uniformly discretized region in the velocity space, to simplify things we assume a uniform discretization of a zero centered cube or sphere.
LGpMs
The LGpM framework was established by Babovsky in [5] . Throughout this work we will restrict this (very general) approach to binary collisions and the definitions that we give in this subsection. The LGpMs are based on the orthonormal group G (a finite subset of the orthogonal group O(n)) of V. This is the group which is generated by all reflections and rotations around zero that map the grid V onto itself. In two dimensions and for Cartesian grids this group contains the identity, negative identity, 90
• rotation as well as the reflection around the x-axis and around the identity. A corresponding equivalence relation is given by
Let H be the subgroup of G that contains only id and −id. Using the relation
the group G decomposes in the right coset classes G ∼ H and the order of this is
To write a LGpM down we need some additional mappings that were originally introduced in [5, section 2.1, 3.2].
1. Letα : G ∼ H ×G ∼ H → R + be some coefficients satisfying (a) group invariance: There is a mappingα : 
4. Let γ : V × R + → R + 0 be some nonnegative coefficients and let
be an abbreviation to handle these constants in a more convenient way.
Now we can introduce a set of potential center points C and we get a LGpM above C, V as
We call this LGpM the "original"
LGpM. Here we have to bear in mind that the above definitions summarize the result and the ingredients of the LGpM, concealing the basics of this concept. These basics can be found in [5] , and the above definition can be obtained by using [5, section 3.2, formula 3.20] and recursively replacing the objects in this formula with the precedent definitions.
Classification Theorem 1 (LGpM as a DVM)
The standard LGpM (2) can be directly transformed into a DVM. With the above definitions and
Theorem 2 (DVM as a
LGpM)
The standard DVM with the minimal requirements and
can be transformed into the LGpM framework. With the definitions
(the existence ofk,j is guaranteed by (3) and the way in which circles on uniform lattices decompose into equivalence classes above the orthonormal group of the lattice), we get
f (c + ϕ
Corollary (Relation between DVMs and LGpMs)
1. The above theorems result in the fact, that the LGpMs are a subclass of the DVMs (LGpM DVM).
The
LGpMs transformed into a DVM satisfy the minimal requirements.
Remark (Difference to the original LGpM)
1. The additional requirement (3) for the DVM is equivalent to the assumption that the DVM discretizes the velocity space with V, but uses only spheres with centers in V ∪ V 1
2
. This can be interpreted as a standard DVM where the approximation of the spherical integral gets improved without improving the approximation of the outer integral.
There is one interesting difference in the original
LGpM and the one obtained from a DVM transformation:
the sum ( * ) is non-existent in the original LGpM (2) (compare [5, chapter 2,3] , [6, introduction] ). From now on we call this "new"
LGpM the extended lattice group model (eLGpM). The LGpM was not designed by Babovsky to be consinstent with the Boltzmann equation, but to give an easy to calculate model that possesses and reflects the main properties of the Boltzmann equation. This "missing" sum ( * ) is necessary to realize the convergence of the spherical integral in the Boltzmann equation, because without it every sphere is approximated by a maximum of eight points (at least in two dimensions).
DISCRETIZATION OF THE COLLISION OPERATOR
Now we take a look at a discretization of the collision operator that yields the correct collisional invariants (which means exact conservation of mass, momentum and energy) as well as the H -Theorem and possesses a relatively high convergence order. The idea of a discretization in spherical coordinates through the application of Farey sequences comes from a paper of Rogier and Schneider [1] . We refine and modify this ansatz to create an easy to calculate discretization and to derive the convergence order of this discretization.
FIGURE 1. Symmetry regions created by the orthogonal group in two and three dimensions (only first quadrant)
We start with a short recapitulation of the basics of Farey sequences alongside a geometric interpretation. Let the Farey sequenceF n of order n be a sequence of ascending elements
The elements of the Farey sequence
are maximal reduced fractions between 0 and 1 and have a denominator less or equal to n. This sequence is of special interest, because the elements of the Farey sequences correspond to all possible growth rates of lines that fit onto a uniform discretization of the velocity space and go through zero, at least to the lower half of the first quadrant. The corresponding angles arctan(F • ) are grid related angles that can be used for the approximation of integrals over spheres on uniform grids. We get the ascending sequence of Farey angles by
Another needed ingredient is the fact that the orthonormal group corresponding to the grid divides the grid into symmetry regions (figure 1) which can be mapped onto each other by the orthogonal group. This can be used to simplify the discretization problem of the whole sphere to the discretization of only one of these symmetry regions. If we have a discretization of one such region we can extend the approximation to the complete sphere by the application of the orthonormal group.
Results in two dimensions
The ansatz of the discretization is a transformation of the collision integral into spherical coordinates.
Transformation:
Let us assume that the density f has the property supp(
, then the following holds true:
with
Theorem 3
Assuming that the kernel k possess the grid symmetries or at least a "sufficient" subclass of symmetries, for example radial symmetry or at least π periodicity (in the angles θ , λ ) and by using the Farey sequences F n , F m this transformed integral (4) can be approximated bŷ
Here g represents the weight function corresponding to the Newton Cotes formula (of order r) used to approximate the innermost integral. The DVM corresponding to this discretization possesses the minimal requirements independent of the choice of α i , α j as long as they are positive. A quadrature formula using Lagrange polynomials of order s := t − 1 gives
This complicated looking definition of α
comes from the usage of a composite rule. The first case corresponds to the inner points used for the quadratures, the second case to the points where different polynomials begin and end (we use a composite rule) and the next two cases to the begin and the end of the regular quadrature. Then α (2) corresponds to the case where we have some points left which must be specially treated. The other integration weights α j can be calculated analog. Here we use the simplest approach by applying Lagrange polynomials
.
Assuming that ∆v ∈ R + , r ∈ N,t ∈ N >1 are given constants satisfying .
Discussion:
Now we want to point out and discuss some properties of this discretization:
1. The used discretization points are explicitly (no angular calculations necessary) given by the integer points P i , P ⊥ i and the orthogonal group
2. Every convergence order can be reached as long as the α • remain positive. This obviously becomes a problem when one uses Lagrange interpolation polynomials with a high degree, due to the well known oscillations near the end of the interpolation interval. This effect can possibly be reduced or avoided by using other interpolation techniques. 3. By applying minimal modifications to this discretization it can be transformed into an eLGpM.
4. There exists a number of points in the velocity space that is necessary to reach a specific convergence order.
This number is mainly given by the necessity that we need t angles for the interpolation corresponding to θ and additional t angles on a resulting sublattice for the interpolation corresponding to λ and in addition at least r points on the lines in every resulting direction for the Newton Cotes formulas approximating the innermost integral. It can be calculated that at least 22801 points in the velocity space are necessary to obtain a quadratic convergence order. This result can be substantially improved by identifying a minimal number of symmetries (operators in the orthogonal group) that are necessary to obtain the minimal requirements of the resulting DVM and interpolating above "maximal" necessary symmetry regions. This reduces the number of necessary velocities by a factor around 16 putting this discretization into the region of practical applicability. The proofs and exact results of this ansatz can be found in [13] . 5. A second order scheme can be obtained by using interpolation polynomials of order 6, for example s = 6, r = 6. 6. As visualized in figure 1 this can also be done in 3 dimensions, this has already been worked out and can be found in [13] .
CONCLUDING REMARKS AND FUTURE PERSPECTIVES
We have developed a scheme to construct discretizations of the collision operator along the lines of Rogier and Schneider or Panferov and Heintz by constructing similar but not equal discretizations yielding arbitrary high convergence orders. For this we applied high order interpolations as suggested by Panferov and Heintz in the conclusions of [3] .
To do this we identified symmetry regions above which one can use any kind of interpolation without loosing the main properties of the resulting discrete operator (collision invariants, H-theorem, exact conservation). Beside this we classified
LGpMs within the DVM framework with the aim to transfer the convergence results available for DVMs to
LGpMs. The result of this attempt was the eLGpM that inherits the convergence order of the developed discretization and the realization that the LGpM would never converge toward the collision operator. The next step will be the numerical verification of the obtained convergence results as well as the efficient implementation and parallelization of this discretization on many core systems within an already existing high performance LGpM implementation [11] .
